Abstract. We give a multidimensional generalisation of the complete set of Bell-correlation inequalities given by Werner and Wolf in [31] , and byẐukowski and Brukner in [32] , for the two-dimensional case. Our construction applies for the n parties, two-observables case, where each observable is d-valued. The d d n inequalities obtained involve homogeneous polynomials. They define the facets of a polytope in a complex vector space of dimension d n . We detail the inequalities obtained in the case d = 3 and, from them, we recover known inequalities. We finally explain how the violations of our inequalities by Quantum Mechanics can be computed and could be observed, when using unitary observables.
Introduction
The search for Bell inequalities has been the subject of a lot of work. Let us recall briefly what the matter is. Assume that a physical system is made of n subsystems. For each subsystem, a set of m different observables is considered. The outcomes of each of the nm observables belong to a set of cardinality d. The problem is to find inequalities which must be satisfied when a local realistic model is assumed.
The first such inequalities were provided by Bell [4] for the case (n, m, d) = (2, 2, 2). It was also shown that Quantum Mechanics violate these inequalities. The CHSH inequalities given in [7] were shown in [9] to be a complete set for the case (2, 2, 2) . This means that these inequalities provide necessary and sufficient conditions for the existence of a local realistic model.
The authors of [31] and of [32] gave a complete set of 2 2 n Bell inequalities for dichotomic observables, with arbitrary number of parties (case (n, 2, 2)). The structure of these inequalities was further studied in [26] , where a recursive method to compute Bell inequalities is also given. The tool for this construction was the Walsh-Hadamard transform of Boolean functions. See also [29] which gives some insight and useful details.
A method to obtain a complete set of dichotomic Bell inequalities was given in [24] . It has notably been used to exhibit a complete set for the case (2, 3, 2) .
The multidimensional case has also been considered in numerous references. Reasons to explore beyond the two-dimensional case include that multidimensional entangled quantum states are known to be more resistant to noise, and that they can lead to stronger violations of local realism [16] . Also there are specific uses of the tridimensional case for quantum cryptography [18] . The pioneer work for multiple outcome Bell inequalities was [8] , where a family of multidimensional Bell inequalities, that generalize CHSH, was obtained. Moreover, these inequalities have been later proved tight [21] .
In the literature, mostly two types of Bell inequalities are considered. Inequalities of the first type involve joint probabilities (probabilities p(X 1 = µ 1 , . . . , X n = µ n ) that a given list of measurements outputs a given list of outcomes). Inequalities of the second type involve correlation functions. The correlation function of n discrete random variables X 1 , . . . , X n with values in a finite set U is given by E(X 1 · · · X n ) = µ1,...,µn∈U µ 1 · · · µ n p(X 1 = µ 1 , . . . , X n = µ n ).
Thus, it is possible to convert any Bell inequality (obtained for a local realistic model) of the second type to one of the first type. The converse is also true when dealing with dichotomic observables, as shown for example in [19] . For a higher number d of outcomes, this equivalence does not hold. Inequalities for joint probabilities and higher d have been given for example in [8] . Inequalities with correlations functions and 2. Multidimensional discrete Fourier transform d = 3 have yet been considered in [11] , [18] , [17] , [30] . Our work is about inequalities involving correlations functions.
We use a geometrical approach. Froissart [10] has apparently been the first to do so, and then the authors of [13] independently. It was shown in [23] that the local-realistic domain, for joint probabilities, is a convex polytope. When considering correlation functions inequalities, the geometrical approach can be real or complex, and these two approaches give different local realistic domains (for multiple outcomes). For the real approach, it was shown in [20] , that even in the case of multiple outcomes, but all belonging to the interval [−1, 1], the local realistic domain is the same as the one given in [31] and [32] .
We use instead a complex approach, and map the outcomes to the set of d-th roots of unity in C, as in [11] , [18] , [17] , [30] ). In this setting, no complete set has been given yet, beyond the two-dimensional case. We explicit here a polytope corresponding to the local realistic domain, when d > 2. This polytope belongs to a complex vector space of dimension d n .
Our inequalities are tight. This means that they define the facets of the polytope. The problem of obtaining all the (tight) inequalities was only solved for outcomes belonging to [−1, 1] (in [9] , [24] with joint probabilities, [31] and [32] with correlation functions).
Our inequalities involve products and powers of observables, arranged in homogeneous polynomial expressions. Powers of observables have already been used in [30] . It turns out that the method developed for (n, 2, 2) generalizes pretty well for the multidimensional, two-observables per party case, by means of multidimensional discrete Fourier transform. With this tool, we are able to give a complete set of tight Bell inequalities for the case (n, 2, d).
In this paper, we first presents background about multidimensional Fourier transform (DFT for short). Then we recall some facts about the duality of polytopes in (finite dimensional) Hilbert spaces and study some useful relations between DFT and duality. Then we produce d d n Bell inequalities, involving correlation functions, which generalize those obtained in [31] . We study the polynomials involved in these inequalities and give some facts about the symmetries observed. Then we prove that our Bell inequalities form a complete set of tight ones. We illustrate our results in the case d = 3 and then explains the connection between our inequalities and known inequalities (the CHSH inequality for qutrits and the CGLMP inequality for d = 3). Finally, in the last section, we explain how violations of our Bell inequalities by Quantum Mechanics can be computed and observed, with the use of unitary observables.
Multidimensional discrete Fourier transform
There are numerous references for the discrete Fourier transform. One of them is [5] . However, we give here all the material we need for our purposes. There are two equivalent ways to define Boolean functions: it can be a map F from {0, 1} n to {0, 1} (additive convention), or a map f from {0, 1} n to {1, −1} (multiplicative convention). The equivalence is of course given by f = (−1)
F . The multiplicative convention is more comfortable when dealing with WalshHadamard transforms. We also adopt a multiplicative convention, and the considered functions will take their values in the set
We put can be built up from blocks using recursion on n:
These matrices are a generalization of the usual Hadamard matrices which are obtained in the special case 
. . .
Hence, the map DFT: f →f is a linear map from C . It can be checked that
Hence, the inverse transform DFT −1 is obtained by
In the particular case d = 2, the multidimensional discrete Fourier transform is the Walsh-Hadamard transform of Boolean functions:
(using the multiplicative convention: f (x) ∈ {1, −1}).
Some easy results
Some easy results can be derived from the definition given by Equation (2), between the discrete Fourier transforms of two elements of F d,n which are related in some way:
Proof -We show only the last two assertions and leave the first three to the reader. Assume that
This proves assertion (d). Assume now that g(s)
This proves assertion (e). 
Convex hulls
Recall that the real part of the inner product ·, · is nothing more than the usual scalar product in R 2D :
Let S be a subset of C D . The convex hull of S is the set
The dual (or polar) of the set S is, by definition, the set
When S is a polytope containing 0, the vertices of the dual T correspond to the facets of S. To be precise, γ is a vertice of T if and only if the hyperplane defined by the equation Re β, γ = 1 contains a facet of S.
The following result holds (the bipolar Theorem, see [27] ):
The hull of U and its dual
We assume here d > 2. The convex hull of the set U is a regular polygon. The dual of U is also a regular polygon with d vertices (see Figure 1) :
is the polygon with vertices set:
For the other values of k, we have Re β k , γ l < 1 because β k is in the half-plane delimited by δ l and containing 0. 
Homogeneous Bell inequalities

Duality and DFT
As in Section 2, we put D = d n . The map DFT is linear and its matrix U = H
where U † is the conjugate transpose of U . This has some useful consequences.
Proof -If we identify β and γ with the column vectors of their coordinates in the canonical basis we can write: 
Homogeneous Bell inequalities
Le n be the number of parties. For each party, we consider two observables, denoted byÂ i andB i (for 1 i n). The outcomes of each measure are assumed to belong to the set U defined in (1), with d 2.
Recall, from the identity 
Let now f be any map from Z n d to U. We have
where u ∈ U, because in this sum, exactly one term is non-zero (the one corresponding to s i = r i for each i).
If we expand the products in (5), we get
Homogeneous Bell polynomials
Now, if the a i and b i are random variables we can write, about expected values:
From Lemma 3.3, we obtain:
When d > 2, this also can be written:
We call these relations homogeneous Bell inequalities. There are d D of them.
We now study the polynomials in 2n variables A i and B i (for 1 i n) which are involved in the homogeneous Bell inequalities. Some Bell polynomials where defined in [31] for d = 2. As a generalisation to the multidimensional case, we define the homogeneous Bell polynomials to be
where f is any map from Z n d to U. Let us denote H d,n the set of these polynomials. Each element of H d,n is a homogeneous polynomial of degree n(d − 1). Note that in view of Section 9, we consider P f as a non commutative polynomial. More precisely, each A i is not assumed to commute with B i , while A i and B i do commute with A j and B j for i = j.
As in [27] where the case d = 2 is handled, we give a recursive construction of the homogeneous Bell polynomials. This construction is a direct consequence of Equation (3). If P 0 , . . . , P d−1 are homogeneous Bell polynomials in the 2(n − 1) the variables A i , B i with 1 i n − 1, then we get a homogeneous Bell polynomial in 2n variables by the d-ary operation :
Conversely, every element of the set H d,n can be obtained this way. For example, with d = 2, the polynomials obtained are ±1 for n = 0, ±2A 1 and ±2B 1 for n = 1, and
for n = 2 (we recognize the polynomials involved in the CHSH inequalities). Examples for d = 3 will be given in Section 7.
Symmetries
The set H d,n of homogeneous Bell polynomials has some symmetries we briefly discuss now. They are consequences of Proposition 2.1. a. If the maps f and g ∈ Z n d are the same, up to the order of their arguments:
for some permutation σ, then the polynomial P g can be obtained from P f by changing each variable A i (resp. B i ) to A σ(i) (resp. B σ(i) ). This symmetry corresponds to the fact that the n subsystems are indistinguishable. where δ = (0, . . . , 0, 1, 0, . . . , 0) has its only non-null component at index i 0 . Hence, we obtain
This shows that we obtain P g from P f by the circular monomial substitution
Also, the set H d,n is invariant, under the swap operation A i0 ↔ B i0 (this can be algebraically checked with the help of Proposition 2.1(a)). Hence, for each i 0 , the set H d,n is invariant under the action of the dihedral group of order 2d over the monomials made of the variables A i 0 and B i 0 . c. Of course, the set H d,n is also invariant under multiplication by ω, and by complex conjugation (Proposition 2.1(b) can be used to check this latter fact).
The classical domain
We now show that the homogeneous Bell inequalities obtained in Section 4 are tight and completely characterize a local realistic model, for n ∈ N * parties, m = 2 observables for each site, and d-outcomes measurements with d > 2.
The values a i and b i , when a local realistic model is applied, of these 2n observables are assumed to belong to the set U. We consider the monomials
which appear in homogeneous Bell polynomials. There are D = d n of them. For each experiment, the data set of the values obtained for these monomials form a vector ξ = (a
Our aim is to show that the domain accessible to the expected values of ξ is the polytope defined by the inequalities (6).
The polytope Ω
In a local realistic model, each experimental data set assigns a value (for 1 i n) . Thus, the vector ξ obtained from experimental data is one of the vectors uξ r , where u =
, and r = (r i ) 1 i n with the r i just defined. Conversely, it is possible to design classical experiments which assign independently any value in U to the 2n variables and which assign any uξ r to the data set vector ξ. Then, if the values assigned to the variables follow some probability distributions, expected values for the vectors ξ obtained, are convex combinations of the uξ r . Hence the classically accessible region for ξ is the convex hull of the uξ r , which will be denoted by Ω as it was in [31] 
Then Ω isΠ, the image of Π under DFT. To find the facets of Ω, we have to study its dual. But from Proposition 3.5,
Let's first study Π • .
-Proposition. The vertices of the polytope Π
• are the β = (β 1 , . . . , β s ) such that
Proof -By definition,
Using the d-order symmetry of U
• , and using β, uπ s = u β, π s , we can write
We are interested with the extremal points of Π
• . These are obtained when β, π s are in a corner of
Hence, there exists f ∈ F d,n such that:
But Π
• is symmetric under complex conjugation. Hence we can change β * s for β s .
The dual of Ω
-Theorem. The vertices of the polytope
Proof -The result follows from Equation (8) and Proposition 6.1.
To end this section, note that the inequalities (6) can be written
Hence the theorem just obtained shows that our homogeneous Bell inequalities define the facets of the polytope Ω. Thus they form a complete set of tight Bell inequalities.
The case d = 3
We illustrate our results with the first multidimensional case: d = 3 (sometimes called trichotomic). Note that the factor 1/ cos(π/d) in Equation (6) is maximal in this case, and this might lead to higher violations.
DFT
Here, ω = exp(2iπ/3) and
The hull of U and its dual
The hull of U is the triangle with vertices 1, ω, ω 2 and its edges are defined by the three inequalities
Hence, the dual 
Bell polynomials
We did some computations, with the help of the Magma computer algebra system. For the (virtual) case n = 0, the trichotomic Bell polynomials are the constant polynomials 1, ω and ω 2 . For n = 1, there are yet 27 homogeneous trichotomic Bell polynomials. Instead of listing them all, we give for them the following compact expression:
where u, v ∈ {1, ω, ω 2 } and M ∈ {A 2 , AB, B 2 }. For n = 2, there are 19683 homogeneous trichotomic Bell polynomials. Among them, 18792 are irreducible polynomials. The number of elements in H 3,2 with only real coefficients is 81 (the aim of this criterion here is just to reduce the list size). We can list them, up to the symmetries discussed in Section 5, as there remain only 4 ones:
We found also that there are 243 elements in H 3,2 up to these symmetries.
Bell inequalities
The factor ρ d n cos(π/d) which appear in Inequalities (6) is in this case −2ω 2 /3 n . By changing f to ωf , we can remove the ω 2 to obtain the following homogeneous trichotomic Bell inequalities:
Relations with known inequalities
There had been some attempts to generalize CHSH inequalities to dimensions greater than 2. We show here that, at least for the trichotomic case, the CHSH inequality for qutrits described in [6] and the CGLMP inequality presented in [8] are easily obtained by combination of two homogeneous Bell inequalities.
CHSH for qutrits
The authors of [6] formulate an inequality named the CHSH inequality for qutrits. This inequality involves expected values and is equivalent to the one found in [17] which was formulated using joint probabilities. With our notations, the CHSH inequality for qutrits reads
where
We show how this inequality is strongly related to the ones we found. First, we remark that
Hence we can take conjugates to obtain
Re T where
Now we can express T using homogeneous Bell polynomials. For d = 3, our homogeneous Bell polynomials are formed with the 9 monomials
Among these monomials, 4 of them involve only one observable for each party. The only homogeneous Bell polynomials which involve only these 4 monomials are trivial ones (e.g. 9A 
Their Fourier transforms are given by:
so their sum has values vector f +ĝ : (−3ω − 6, 0, 3ω − 3, 0, 0, 0, 3ω + 6, 0, −3ω − 6).
We obtain the polynomial
Using Inequality (10) for both polynomials, we get
or − 2 9 Re T 2. This is exactly Inequality (11).
Of course, there are many other pairs of homogeneous Bell polynomials such that the terms involving non compatible observables cancel each. For example, with the maps f : (1, 1, 1, 1, 1, 1, ω, 1, 1) and
which have Fourier transformŝ
the sum of the two corresponding Homogeneous Bell polynomials is
Hence, we obtain the new inequality
In fact, this inequality can be obtained from (11) using the symmetries discussed in Section 5 (a multiplication by a global phase ω is responsible for obtaining the unusual term Im 2E (b 1 b 2 ) ). An exhaustive search, among the sums of two trichotomic homogeneous Bell inequalities without terms involving incompatible observables, gave no inequality which cannot be obtained from (11) using symmetries.
CGLMP
The authors of [8] consider the case of two parties, two observables per parties, and general d outcomes. They introduce the following expression, using their original notations:
We rewrite it in accordance with the conventions used in the present paper (we use U valued observables, with multiplicative notation ; also we use letters to denote different observables and use indices to refer to parties, while opposite convention was used in [8] ). We also change two of the observables to their conjugates. The rewritten expression, obtained with the substitutions
For d = 3, the CGLMP inequality has the simple form S 0 2.
To compare with homogeneous Bell inequalities, we have to find a formulation of S k involving expected values instead of probabilities. We use
In the particular case d = 3, we obtain
. From this, we get
and, as a special case, = − 2 9
Re T with the same T as in (12) .
Hence, for d = 3, the CGLMP inequality is equivalent to Inequality (11) and can be obtained from the same two homogeneous Bell inequalities. We have not yet been able to clarify links between CGLMP and homogeneous inequalities for d > 3. It seems more difficult in this case to conciliate the joint probability approach of [8] with the correlation functions approach we follow.
Violations by Quantum Mechanics
At this point, we have only considered local-realistic models. The polytope Ω we have made explicit using homogeneous Bell inequalities is the domain accessible with such models. However, the primary aim of Bell inequalities was (at least historically) to compare local-realistic theories with Quantum Mechanics. The main success of the original and CHSH Bell inequalities, was due to the fact that Quantum Mechanics violate them, hence they provided the proof that quantum indeterminacy cannot be explained by hidden variables. We now show that Quantum Mechanics also violates homogeneous Bell inequalities, and that this fact could be, in principle, checked by experiment. There exists a difficulty in our setting, which did not appear in the d = 2 case. Multidimensional homogeneous Bell polynomials involve products of variables, some of them corresponding to observables of the same party. In Quantum Mechanics, such observables corresponds to non commuting operators and their values cannot be simultaneously obtained, and this prevents to observe violations this way. However, there are important cases where such products of observables are themselves observables. This is our key tool now.
Generalized Pauli matrices
We use the following multidimensional generalization (found for example in [28] and [14] ) of Pauli (or spin) matrices. Let 
The following two results are easy to show. The first one is about eigenvalues as these are the possible outcomes of measurements in Quantum Mechanics.
